The exactly analytical solutions for the dynamics of the dissipative three-level V-type and Λ-type atomic systems in the vacuum Lorentzian environments are presented. Quantum interference phenomenon between the two transitions in V-type atomic system is studied and the intuitive interference conditions are derived. For the dissipative Λ-type atomic system, we demonstrate that the similar quantum interference phenomenon does not exist. Finally, we study the dynamical evolution of quantum Fisher information, quantum entanglement and quantum coherence for the V-type atomic system. We find that quantum interference plays a positive role to the protection of quantum entanglement and quantum coherence. The difference between the two typical measures of the quantum coherence is also demonstrated in the considered systems.
I. INTRODUCTION
The study of open quantum systems is very important, because no realistic quantum system is completely isolated from its surroundings. It is not only relevant for better understanding of quantum theory, but also fundamental for various modern applications of quantum mechanics, especially for quantum communication, cryptography and computation [1] . The early study of dynamics of open quantum systems usually involves the application of the Born-Markov approximation, that is, neglects all the memory effects, leading to a master equation which can be cast in the so-called Lindblad form [2, 3] . Master equation in Lindblad form can be characterized by the fact that the dynamics of the system satisfies both the semigroup property and the complete positivity, thus ensuring the preservation of positivity of the density matrix during the time evolution. We usually attribute this kind of dynamical process to the well-known Markovian one.
However, people found that Many relevant physical systems, such as the quantum optical system [4] and the nanoscale solid-state quantum system [5, 6] , could not be described simply by the Markovian dynamics. Similarly, quantum chemistry [7] and the excitation transfer of a biological system [8] also need to be treated as non-Markovian processes. Quantum non-Markovian dynamics can lead to some interesting phenomena such as quantum correlation and coherence trapping [9] [10] [11] , correlation quantum beat [12] , and has extensively possible applications in quantum metrology [13] , quantum communication [14] [15] [16] [17] , quantum control [18] . Because of these distinctive properties and extensive applications, more and more attention and interest have been devoted to the study of non-Markovian process of open systems, * Electronic address: hszeng@hunnu.edu.cn including the measure of non-Markovianity [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , the positivity [33] [34] [35] , and some other dynamical properties [36] [37] [38] [39] [40] [41] [42] [43] [44] and approaches [45] [46] [47] of non-Markovian processes. Experimentally, the simulation [48] [49] [50] [51] [52] [53] of nonMarkovian environments has been realized.
The dynamics of open quantum systems is very sophisticated, and only very rare of which can be solved exactly. The case of a two-level atom dissipating in a vacuum environment is one of the few examples that can be solved exactly. Duo to the advantage of the exactly analytical solution, the dissipative two-level system becomes the paradigm for the investigation of non-Markovian dynamics hotted up very recently. Multilevel open quantum systems, especially multilevel dissipative systems, due to their complexity, are relatively seldom involved. Though several works have already involved the study of dissipative three-level systems [54, 55] , the concrete expression of the exactly analytical solution that relates the evolved state to its initial state (or Kraus representation) has not yet been established explicitly. As the significance of theoretical researches such as quantum interference [56] , and the potential applications such as the quantum cryptography [57, 58] and the fault-tolerant quantum computation and quantum error correction [59] , it is very worthwhile to pour more efforts into the study of dynamics of multilevel open quantum systems. Motivated by these facts, we will in this paper present the exactly analytical solutions for the dissipative three-level V-type and Λ-type atoms in the vacuum Lorentzian environments, and make some researches on the dynamical properties such as the quantum interference, the evolutions of quantum Fisher information, quantum entanglement and quantum coherence.
The paper is organized as follows. In Sec. II, we introduce respectively the models for the V-type and Λ-type atoms interacting with vacuum environments and present the exactly analytical solutions. In Sec.III, we study the phenomenon of quantum interference between different decaying channels for the two kinds of atomic models. In Secs. IV and V, we study respectively the evolution of quantum Fisher information, quantum entanglement and quantum coherence, for the dissipative V-type atomic system, especially highlighting the roles of quantum interference. Finally, we give the conclusions in Sec. VI.
II. DYNAMICAL MODELS AND THEIR SOLUTIONS
A. V-type three-level atom
Consider a V-type three-level atom with transition frequencies ω 1 and ω 2 (see Fig.1a ), which is embedded in a zero-temperature bosonic reservoir modeled by an infinite chain of quantum harmonic oscillators. The Hamiltonian for the whole system may be written as
Where ω 1 and ω 2 are respectively the energy ( = 1) of levels |1 and |2 , and we set the energy of level |0 to be zero. b k and b † k are the annihilation and creation operators for the k-th harmonic oscillator of the reservoir, g 1k and g 2k are the coupling strengthes between reservoir and the two transition channels respectively.
Suppose that the initial state of the atom plus its environment is
where |0 R denotes the vacuum state of environment. Employing the conservativeness of excitation numbers of Jaynes-Cummings model, the dynamical state at any time t may be written as
where |1 k R indicates that there is a photon in the kth mode of the environment. Tracing over the environmental degrees of freedom, then the reduced state of the atom in its natural bases is
The evolution of coefficients c i (t) is determined by the Schrödinger equation i∂|Ψ(t) /∂t = H V |Ψ(t) , which satisfy the following set of equations
Formally integrating equation (5d) and plugging it into (5b)-(5c), one obtainṡ
In the above deduction, we have used the initial condition c k (0) = 0. Without loss of generality, we assume in the following g 1k and g 2k to be real. In the continuum limitation of environmental modes k g ik g jk → dωJ ij (ω), where J ij (ω) with i, j = 1, 2 is the spectral density function, one obtainṡ
where f ij (t − τ ) = dωJ ij (ω)e −iω(t−τ ) is the two-point correlation function of environment. Denoting c i (p) and f ij (p) the Laplace transform of c i (t) and f ij (t) respectively, then equations (8) and (9) lead to
with
In principle, the inverse Laplace transform of these equations gives the time evolution of c 1 (t) and c 2 (t).
To go further, we need to specify the spectral density of the environment. As an exemplification, we choose the Lorentzian spectrum
where ω 0 is the central frequency and λ defines the spectral width. The parameter γ ii ≡ γ i with i = 1, 2 describe the spontaneous emission rates of level |i , and γ ij with i = j describe the correlation between the dipole moments corresponding to the two transition channels in Fig.1(a) . When the dipole moments of the two transitions are parallel, the relation γ 12 = γ 21 = √ γ 1 γ 2 is met. In this paper, we consider only this case.
For the Lorentzian spectrum, the correlation function may be calculated as f ij (t − τ ) = 
where
Observing that the numerator and denominator of Eqs. (13)- (14) are the second and third order polynomials of p, if the roots b i with (i = 1, 2, 3) of the polynomial equation
For the degenerate case, the decomposition has different form which is discussed in Appendix A. Noting that b i are determined by the atomic and environmental structure parameters, the degenerative probability is very small and may be avoided by adjusting these structure parameters. The parameters D i (D ′ i ) are the residues of c 1 (p) (c 2 (p)) at the points p = b i , which in our problem may be written as
Finally the inverse Laplace transform of Eqs. (15a)- (15b) gives
So far, we have completed the solving process of the open V-type three-level atom and the exact analytical results are given by equations (4),(5a),(17a)-(17b).
B. Λ-type three-level atom
Besides open V-type three-level atoms, the dynamics of an open Λ-type three-level atom dissipating in a zerotemperature bosonic reservoir can also be solved exactly. Fig.1b is the energy level structure of a Λ-type three-level atom with |1 and |2 the ground and meta-stable states, and |3 the excited state. The Hamiltonian for the atom plus its environment can be written as
Here ω 1 and ω 2 are respectively the frequencies of the transitions |1 ↔ |3 and |2 ↔ |3 , and we set the energy of level |3 to be zero. The meanings of other symbols are the same as before. Suppose that the initial state of the atom plus its environment is (19) with |0 R the vacuum state of environment, then the dynamical state at any time t may be written as
As before |1 k R indicates the single-photon state of the kth-mode environment. The reduced state of the atom in its natural bases now becomes
Here the evolution of coefficients is determined by following set of equations
Obviously, the solving process of this problem is more complex than the case of V-type atom, because we need to know the evolution of c k (t) and d k (t), besides c 1 (t), c 2 (t) and c 3 (t). The evolution of c 1 (t) and c 2 (t) can be easily obtained
To get the evolution of the other coefficients, we formally integrate eqs.
By plugging them into Eq. (22c), as well as using the continuum limitation k g ik g jk → dωJ ij (ω) with i, j = 1, 2, we obtaiṅ
here the correlation function is defined by f j (t − τ ) = dωJ jj (ω)e i(ωj−ω)(t−τ ) . Now we also assume the Lorentzian spectrum Eq. (12) with γ jj ≡ γ j (j = 1, 2) that describe the spontaneous emissions of levels |3 to |j . Assume that the transitions have parallel dipole moments so that
Under these conditions, we have f j (t−τ ) = γj λ 2 e −Mj (t−τ )
The solution of Eq.(25) may be written as
2 M 1 = 0, which are assumed non-degenerate. As the degenerative probability is very small and can always be avoided by adjusting the structure parameters, we thus have no longer presented the expresses in detail. The coefficients D i are given by
Having c 3 (t) in hand, we can then obtain the evolution of c k (t) and c k (t) in terms of Eqs.(24a)-(24b). In the continuum limitation k g ik g jk → dωJ ij (ω) with i, j = 1, 2, we have (29) and
Where
in the second equality of Eq. (30) . The double integrals in equations (28)- (30) can be further solved. Using
to divide the integral with respect to τ ′ into two parts, after tedious but straightforward calculations, we finally obtain
The other four coefficients can be obtained through the following replacement
In addition, the coefficient α 2 (t) in equation (31b) can be obtained by making the replacement
Finally, the reduced density matrix of equation (21) can be written as
, and α 1 (t), α 2 (t), Θ(t) are given by eqs. (32)- (33) and the replacement (34).
III. QUANTUM INTERFERENCE
Quantum interference is a kind of unique phenomenon of multilevel atomic systems different from two-level systems. The transitions from different channels may take place interference, leading to such as the well-known phenomenon of electromagnetically induced transparency (EIT). As the first example of applications of the analytical solutions presented in the above section, we discuss in this section the problem of quantum interference in the process of spontaneous emissions.
For the open V-type three-level atom, by observing the structure of E(t), F (t), G(t), H(t) in Eqs.(17a)-(17b), we find that the boundedness of |C 1 (t)| 2 and |C 2 (t)| 2 in the limit t → ∞ implies that each of the roots b i (i = 1, 2, 3) of the equation p 3 + h 1 p 2 + h 2 p+ h 3 = 0 should have nonpositive real part. When one or more of the roots have zero real parts (i.e.,pure imaginary roots), |C 1 (t)| 2 and |C 2 (t)| 2 may have nonzero asymptotic values. Otherwise, the asymptotic values are zero. The occurrence of the nonzero asymptotic values can be regarded as the result of quantum interference between the transitions |1 → |0 and |2 → |0 , as explained in the following.
By setting the ansatz p = iχ into the equation p 3 + h 1 p 2 + h 2 p + h 3 = 0, we find that the necessary condition of pure imaginary root is ω 1 = ω 2 . This is just one of the necessary conditions of optical interference. The another interference condition, i.e., parallel polarization, has already been guaranteed by the condition γ 12 = γ 21 = √ γ 1 γ 2 . Under these conditions, can one observe the quantum interference?
In Fig.2 , we plot the time evolution of the populations |c 1 (t)| 2 and |c 2 (t)| 2 under the above interference conditions, where we set ω 1 = ω 2 = ω 0 = 20γ, λ = 2γ. In Fig.2a and 2b , we choose γ 1 = γ 2 ≡ γ and c 1 (0) = −c 2 (0) (Fig.2a) or c 1 (0) = c 2 (0) (Fig.2b) . We find that the populations |c 1 (t)| 2 and |c 2 (t)| 2 keep almost unchanged when c 1 (0) and c 2 (0) have opposite signs, and reduce quickly to nearly zero when they have same signs. This is actually the result of destructive interference and constructive interference. The opposite signs between c 1 (0) and c 2 (0) means opposite phases between the transitions |1 → |0 and |2 → |0 , leading to destructive interference of the transitions which prohibits the decaying of the populations |c 1 (t)| 2 and |c 2 (t)| 2 . On the contrary, same signs between c 1 (0) and c 2 (0) leads to constructive interference which speeds up the decaying of the populations.
In Fig.2c and 2d, we let γ 1 = γ 2 but satisfying Fig.2e and 2f , where γ 1 = γ and γ 2 = 3γ, 4γ, 2γ for the blue, red, black lines respectively), the difference of the decaying strengthes from the two transitions gives rise to incompletely destructive interference, leading the the change of populations. As the light emitted from the higherstrength decaying channel has excess part which can excite in turn the lower-strength channel, leading to the increase of asymptotic population that corresponds to lower-strength decaying channel (Fig.2e) . In addition, for the constructive interference, as the decaying rates γ 1 and γ 2 in Fig.2b are small, the energy lost in the environment spreads out timely, leading to the monotonic decrease of the populations. However in Fig.2d and Fig.2f , with the increasing of γ 2 , the energy lost in the environment can not spread out timely, leading to the re-excitation of the populations. This is actually the commonly so-called memory effect.
We can also discuss in a similar way the quantum interference of Λ-type atom in the process of spontaneous emissions. From Eq. (26), we see that the necessary condition for nonzero asymptotic population of the upperlevel state of the Λ-type atom is that the real parts of b i must be zero. By setting ansatz p = iχ into the equation
Though there are several adjustable structure parameters γ j , δ j and λ, this set of equations have not real root for χ when λ = 0 (see the proof in Appendix B).
Thus the asymptotic population of the upper-level state must be zero when t → ∞. Note that when λ = 0 the set of equations have real roots χ = 0 and χ = −δ 1 , with the former valid for any structure parameters and the latter valid for δ 1 = δ 2 . In fact, when λ = 0, the correlation functions f j (t − τ ) (j = 1, 2) in Eq. (25) are zero. thus |c 3 (t)| 2 remains its initial value unchanged. We plot the time evolution of the population |c 3 (t)| 2 as in Fig.3 for several different set of structure parameters. The oscillation of the blue dash line originates from the non-Markovian effect. This analysis suggests that when a three-level Λ-type atom takes place spontaneous emission in a real Lorentzian environment (λ = 0), there is no quantum interference between the two transition channels.
IV. EVOLUTION OF QUANTUM FISHER INFORMATION
As the second example of applications, we study in this section the evolution of QFI of the parameters en- Where we set γ1 = γ2 = γ and the other parameters are λ = 0, ω0 = 91γ, ω1 = ω2 = 90γ for the red dot-dash line; λ = 0.5γ, ω1 = ω2 = ω0 = 90γ for the blue dash line; λ = γ, ω1 = 90γ, ω2 = 92γ, ω0 = 91γ for the black solid line.
coded in the open three-level atom. Owing to the absence of the quantum interference for the spontaneous emission of the Λ-type atom, we will take the V-type atom as an exemplum for investigation so as to highlight the roles of quantum interference. Now let us shortly review the notion of QFI. In quantum metrology, the problem of determining the optimal measurement scheme for a particular estimation scenario is non-trivial. Fortunately QFI provides us a useful tool for estimating the precision of a parameter measurement. The famous quantum Cramér-Rao theorem, ∆ 2 φ ≥ 1/(νF φ ), presents the lower bound of the mean-square error of the unbiased estimator for the parameter φ. Here ν denotes the number of repeated experiments and the QFI is defined through the symmetric logarithmic derivative as
. By diagonalizing the density matrix as ρ φ = n λ n |ψ n ψ n |, one can write the QFI as [60] 37) where the first and the second summations involve all sums but λ n = 0 and λ n + λ m = 0. For the sake of convenience in the numerical simulations, we rewrite the superposition coefficients in Eq.(2) as c 0 (0) = cos θ, c 1 (0) = sin θ sin φe iη1 , c 2 (0) = sin θ cos φe iη2 . The simulations can be done through the Eqs. (4), (5a), (17a)-(17b) and (37) . In Fig.4 and Fig.5 , we plot the time evolution of QFI for the parameters θ, φ, η 1 and η 2 encoded in the open V-type atom. In the numerical simulations, we set γ 1 = γ 2 = γ, ω 1 = 90γ, ω 2 = 92γ and ω 0 = 91γ. It shows that the QFI decreases in general with time, implying the losing of the information from the open quantum system to the environment. For the smaller spectral width λ (Fig.4) , QFI decays slower and appears oscillations for relatively longer time. This is the result of the well-known memory effect presented by the non-Markovian dynamics. When the spectral width becomes larger (Fig.5) , the memory effect becomes weaker so that QFI decays faster and the oscillations disappear gradually. When λ = 3γ, the dynamics becomes basically Markovian. An idea naturally arises: Whether can we use the quantum interference to protect quantum Fisher information? To answer this problem, we plot the time evolution of QFI under the interference conditions as in Fig.6 , where γ 1 = γ 2 = γ, λ = 2γ, ω 1 = ω 2 = ω 0 = 91γ. The QFIs are evaluated at θ = φ = π/4, η 1 = π/2, and η 2 = π/2 (blue lines) or η 2 = 3π/2 (red lines). The blue lines correspond to cases of destructive interference and the red lines to the cases of constructive interference. It shows that QFI in some cases can really obtain good protection, but in other cases may decay more faster(compared Fig.6a and 6b with Fig.5a and 5b) . Furthermore, destructive interference not always leads to the more effective protection to QFI, while the constructive interference is also not always detrimental. The reason is very simple. The destructive interference protects only the absolute values of c 1 (t) and c 2 (t), not themselves. The atomic state is thus changing in time. This approves actually the role of the relative phases in a quantum su- perposition state.
In Fig.7 , we present the time evolution of QFI of the parameters for different values of the central frequency ω 0 of the Lorentzian spectrum, where we set ω 1 = 90γ, ω 2 = 92γ, γ 1 = γ 2 = γ, and λ = 2γ. It is shown that when ω 0 locates at the middle between ω 1 and ω 2 , i.e., ω 0 = 91γ, the decaying of QFI is the fastest. Deviating from this middle frequency to the two sides, the decaying becomes slower and slower. Interestingly, the decaying of F (θ) and F (φ) seems to be symmetrical with respect to middle frequency ω 0 = 91γ as shown in Fig.7a and Fig.7b . This is inferred to be related to the symmetry of Lorentzian distribution, but the details remain to be confirmed.
V. EVOLUTION OF QUANTUM ENTANGLEMENT AND QUANTUM COHERENCE
As the last example of applications, we study the evolution of quantum entanglement and quantum coherence for the open V-type three-level atom. Entanglement and coherence describe the two different aspects of a quantum state-quantum correlation and purity. Both of them are the important resource in quantum information processing. We will find that the quantum interference has good protective roles to both the quantum entanglement and coherence.
We employ the notion of entanglement negativity as the description of quantum entanglement. For a bipartite system state ρ AB , entanglement negativity is defined as [61, 62] 
where η TA(−) k and η TA k are respectively the negative and all eigenvalues of the partial transpose of ρ AB with respect to subsystem A.
Obviously, for studying the evolution of entanglement, the key step is to obtain the evolved state ρ AB (t) of the open entangled system. For this end, we need to find the quantum dynamical map for the open quantum system. For the open V-type atom discussed above, we find from the Eqs. (4), (5a), (17a)-(17b) that the dynamical map ε satisfies the roles
Having this map in hand, we can calculate in principle the evolution of any quantum entangled state. Here we take the Werner-like state [63] ,
as the exemplary example. Where I denotes the 3-dimensional identity matrix, and
(|00 + |11 + |22 ) is the maximally entangled state of two qutrits. The Werner-like state is separable for 0 ≤ ε ≤ 1/4, and entangled for 1/4 < ε ≤ 1.
We discuss the problem in two cases: unilateral environment and bilateral environment. The former means that only the atom A is influenced by the noisy environment but atom B keeps noise-free, the later mean that both of the two atoms are influenced by noises. In Fig.8 , we show the time evolution of the entanglement negativity of the Werner-like state for this two cases. It is shown that the entanglement negativity for both unilateral and bilateral environment have similar decaying behaviors. An interesting phenomenon is that the entanglement negativity reduces to zero in the case without quantum interference (solid lines), but to a nonzero asymptotic value in the case with quantum interference (dash lines). This result demonstrates that the quantum interference has good protective roles on quantum entanglement. Another important quantity that describes quantum states is the quantum coherence. It is a very important notion in quantum physics, but a rigorous quantification of it has been lacked. Up to very recently, Baumgratz, Cramer and Plenio [64] established a rigorous framework for the quantification of coherence from the point of resource theory. Two typical measures, i.e., the l 1 norm of coherence and the relative entropy of coherence (REC) in the framework, were presented. In a reference basis {|i } i=1,...,d of a d-dimensional quantum system, the l 1 norm of coherence is simply defined as the sum of the absolute value of all the off-diagonal elements of the system density matrix,
Obviously, this is a very simple and intuitive definition. The REC is defined as
where S is the von Neumann entropy function and ρ diag denotes the state obtained from ρ by deleting all offdiagonal elements. Though both the two measures of quantum coherence satisfy the requirements of the resource theory, are they really compatible or equivalent? Fig.9 gives the time evolution of the two kinds of coherence measures for the Werner-like state Eq.(39) of the V-type atomic system. It is shown that the two measures of coherence are not always compatible. For example, in the beginning stage of Fig.9(b) , the blue dash line is increased but the red dash line is decreased; the blue solid line increases firstly and then decreases, but the red solid line drops directly. Fig.9 (d) also reveals distinct differences for the two kinds of coherence measures. Another interesting result revealed by Fig.9 is that though the coherence reduces quickly in the case of having no quantum interference, it has large asymptotic value in the case of quantum interference. The asymptotic value is even much larger than its initial value. This is to say that quantum interference can enhance and protect effectively the coherence of quantum states.
VI. CONCLUSIONS
In conclusion, we have presented the exactly analytical solutions for the dynamics of the dissipative threelevel V-type and Λ-type atomic systems in the vacuum Lorentzian environments. We have then discussed the phenomenon of quantum interference for the two kinds of dynamical models. Especially, the quantum interference conditions between the transitions of V-type atomic system have been derived. Finally, by taking the open V-type three-level atom as the exemplum, we have studied the dynamical evolution of quantum Fisher information, quantum entanglement and quantum coherence, especially highlighting the roles of quantum interference.
Starting from the property of the asymptotic populations, we have derived the necessary conditions of the quantum interference between the two decaying transitions for open V-type atom. They are completely consistent with the interference conditions of classical light. These interference phenomena have been examined further by numerical simulations, and especially the destructive and constructive interferences have been observed. We have also theoretically demonstrated that the similar phenomenon of quantum interference does not exist in the dissipative Λ-type atomic system. We believe that these results are important in the theory of quantum optics.
Quantum coherence, quantum entanglement and quantum Fisher information are the very important notions in quantum mechanics. They are important physical resources in quantum information processing. We have demonstrated that the quantum interference for the dissipative V-type atomic system can protect effectively the quantum entanglement and quantum coherence, though it is not always valid for the protection of quantum Fisher information. We have also demonstrated that the two typical measures of quantum coherence, presented recently by Baumgratz, Cramer and Plenio [64] from the point of resource theory, are incompatible in principle. This result implying that the study to the essence of quantum coherence has still a long way to go.
We have still made some other results. For example, the memory effect is beneficial to slower the decaying of quantum Fisher information, and make the decaying curves to take on some oscillations. Especially, when the center frequency of the Lorentzian environment is located at the middle between the two transition frequencies of the V-type atom, the decaying of the quantum Fisher information is the fastest. Deviating from this middle frequency to the two sides, the decaying becomes slower and slower.
It is worthwhile to point out that the method for solving the dynamics can in principle be generalized to the case of more than three-level atomic systems, as long as the condition of one single excitation is assumed. For example in the case of open multilevel V -type atom, following the process for dealing with the open three-level V-type atom presented in Sec.II, one will obtain a set of coupled integro-differential equations with respect to coefficients c i (t), like Eqs. If the polynomials p 3 + h 1 p 2 + h 2 p + h 3 = 0 has only one three-fold root b, then Eqs. (16) and (17) This equation also leads to δ 1 having only complex roots. 
